Anisotropic failure criteria for granular materials are formulated, based on micromechanical analysis. The shear resistance is assumed to consist of two components related to fabric anisotropy and interparticle frictional forces. By considering the directional contribution of contact normals, the failure criteria are developed via two approaches: one employs the invariants of stress and fabric tensors; and the other considers the relation between the traction components acting on the critical plane. In the stress invariant approach, however, some microscopic features of granular materials may not be captured due to the utilization of stress invariants. Numerical examples, examining the variation of shear strength of granular materials with different orientations of bedding plane and the degree of anisotropy, compare the proposed approaches with other models in the literature.
INTRODUCTION
Numerous experimental studies show that the failure of granular soils is intrinsically related to internal structures; see, for example, Biarez and Wiendieck (1963) , Oda and Konishi (1974) , Oda et al. (1978) , Oda et al. (1985) , Tatsuoka et al. (1986) , Yoshimine and Ishihara (1998) and Vaid and Saivathayalan (2000) . Thus, it is pertinent to study the effect of fabric in sand and systematically incorporate its influence in constitutive models when dealing with the analysis of failure, material instability, as well as strain localization.
A rigorous approach to identify failure makes use of the general representation theorems that employ invariants of stress and structure-orientation or fabric tensors as described by Nova (1980) , Rogers (1987) , Boehler (1987) and Oda (1989) . According to Oda et al. (1985) , the anisotropy of granular materials stems from three sources, including: preferred orientation of contact normals; preferred alignment of non-spherical particles; and the elongated shape of voids. Quantities related to these sources have been used to characterize the fabric of granular materials; see, e.g., Satake (1982) , Chang and Misra (1988) , Kuo and Frost (1996) , Muhunthan et al. (1996) , Emeriault and Chang (1997) and Pietruszczak (1999) .
Failure criteria of anisotropic geomaterials have also been derived through the critical plane approach. Having been used for rock masses for many years (e.g., Walsh and Brace, 1964; Hoek and Brown, 1980) , this approach assumes that failure occurs along a plane (i.e., the critical plane) on which the failure criterion is first satisfied. The critical plane orientation is usually determined by maximizing some failure function in terms of normal and tangential components of the traction vector for all potential failure planes. More recently, Pietruszczak and Mroz (2001) applied this approach to anisotropic soils by incorporating a distribution of strength parameters dependent on orientation. Based on microscopic analysis, Nemat-Nasser (2000) proposed that the shear resistance on a critical failure plane consists of components associated with interparticle friction and fabric anisotropy, respectively. He quantifies the effect of fabric by a second-rank tensor that describes the distribution of contact normals and assumes that failure takes place on a critical plane corresponding to the maximum of some failure function.
For granular materials composed of distinct particles interacting at contact points, however, their mechanical behaviours are significantly influenced by the spatial arrangement of particles, as well as the internal constraints due to the geometry and connectivity of particles. Moreover, the local behaviour of granular materials at a contact point is primarily ruled by the orientation of the contact plane together with the local shear and normal contact forces. Constitutive models based on macromechanical observations when granular materials are considered as continua on the macroscopic scale may not be able to capture the discrete features appropriately. Development in the micromechanics of granular materials has provided useful tools for the quantification of fabric as well as the relations between micro-and macro-quantities such as interparticle forces and average stresses, relative displacement between particles and average strains. As a consequence, it is possible to develop an alternative micro-macro mechanical approach to deduce the behaviour of the equivalent continuum with micromechanical considerations to accommodate the discrete features of granular materials more appropriately. Details can be found in Chang (1993), Cambou et al. (1995) and Emeriault and Chang (1997) among others.
These considerations provide the impetus for the present paper, which addresses the failure mechanism of anisotropic granular materials and derives a failure criterion based on micromechanical considerations. For a deforming particulate ensemble, the stress is decomposed into three parts, namely, an isotropic component associated with normal interparticle forces, a deviatoric component related to fabric, and a deviatoric component induced by interparticle frictional forces. Making use of this decomposition, a failure criterion is identified that includes the orientational distribution of contact normals. A discussion of the proposed approaches and the models developed by Pietruszczak and Mroz (2001) and Nemat-Nasser (2000) is provided. The performances of these formulations are illustrated and compared by a series of numerical examples that examine the variation of shear strength of granular materials with different orientations of bedding planes.
STATICS AND AVERAGE STRESS Average Stress in Terms of Contact Forces
According to Landau and Lifshitz (1959) , for the case of discrete point loads applied at a boundary of a material element, the volume average of the stress tensor <a> is related to boundary forces fb via (1) where the subscript and the superscript b denote a quantity on the element boundary S, xb are locations of points where the fb are applied, and nb is the number of contacts on S. Equation (1) may be obtained by considering equilibrium of a weightless body for which o-ki,k = 0 and applying Gauss integral formula. It should be noted that the average stress tensor <o-ii> is not necessarily symmetrical by virtue of the non-commutativity of the product .xb1fbj. The physical meaning of Eq. (1) can be easily interpreted for a 2D rectangular sample. In this case, Eq. (1) is in fact a statement of force balance condition for the element with no body forces. Even though Eq. (1) originates in continuum mechanics, it can be applied to an ensemble of discrete particles provided that the representative volume element (RVE) contains a sufficiently large number of particles.
Average Stress in Terms of Contact Forces
When body forces are negligible, the equilibrium condition for a typical particle a (see Fig. 1 ) is given by (a) (b) (2) where C is the number of contacts over particle a with jE [1, 2, 3] . Multiplication of Eq. (2) by the position vector component xfa of particle a with i E [1, 2, 3] yields (3) The equilibrium condition for all particles can be expressed as (4) Referring to Fig. 1 and invoking Newton's third law, the xif terms at all internal contact points cancel out, resulting in
where the double superscript of denotes the quantity associated with grain a at contact point f3 and nc is the total number of contacts in the RVE. By introducing a branch vector rfl which connects the centers of gravity of two contacting grains as shown in Fig. 2 such that some measure of the internal structure (grain arrangement) can be defined. By recognizing that due to equilibrium, one has (7) and Eq. (1) becomes (8) with (•~) denoting an outer-product operation. Equation (8) In general, the contact force f can be decomposed as (9) where fN and f are the contact force components corresponding to the unit contact normal n and tangent t, respectively, as shown in Fig. 2 . Substituting Eq. (9) into Eq. (8) (12) with the branch vector 1=2Rn.
By invoking (13) the expression for <4> becomes (14) Substituting Eq. (14) into Eq. (10) yields (15) and which indicates that the stress tensor <6> is traceless. For two-dimensional stress conditions, the spherical component of <o-i> is then (16) where <fN> is the average of the normal component of contact forces. The average <4> can be expressed as (17) As a result, Eq. (10) becomes (18) The introduction of a second-rank fabric tensor (Satake, 1982 ) (19) leads to (20) One finds that <o-iT> is coaxial with the fabric tensor Fii.
In general, the distribution of the unit branch vector (or the unit contact normals) can be described by a density function (Kanatani, 1984; Cowin, 1985 ) (21) where w is a symmetric traceless second-rank tensor, and cases. Equation (21) may be rewritten as (Rothenburg and Bathurst, 1989) (22) where the second invariant of tensor co (23) defines the degree of anisotropy according to Eq. (21) and 00 gives the orientation of the greatest density of the branch vector (or the contact normals); i.e. the major principal direction of tensor co. If one further expresses the fabric tensor as (Satake, 1982 ) (24) with <•E> denoting the volume average and Q a unit sphere, it follows that (25) and (26) with (a) (b) (27) The stress component <4> can be further decomposed as (28) with (29) where the second-rank tensor <o-f,> is traceless. Finally, the decomposition of the average stress tensor <o-ii> is given as (30) At this point, it should be mentioned that <aii>, <ali> and
In continuum mechanics, <ai,> is usually decomposed into its spherical and deviatoric components: (31) A comparison of Eqs. (30) with (31) yields (32) Even though <a > and the deviatoric stress tensor s1, are always coaxial, w, and hence <0-L> may be non-coaxial with <ajj>. This implies that s from the contribution of frictional components of contact forces might be noncoaxial with <o-ii> for anisotropic granular materials. According to Eq. (1 1), <4>, which is coaxial with the fabric tensor Fl;, may be interpreted as the stress in a granular mass induced by purely normal contact forces. One expects that no sliding of particles occurs under <4> since there is no tangential force at any contact point. As such, <o-fi> may be considered as the stress component induced by fabric. Moreover, <o-fj> tend to have no effect on the shear induced plastic deformation of granular materials. Similarly, <aiTi> may be regarded as the stress associated with pure interparticle friction. For cohesionless materials, <o-P vanishes when <4> = 0. As a result, one may argue that, when adopting the stress decomposition of Eq. (30), only a part of the deviatoric stress contributes to plastic shear deformation of granular materials. with coo representing the interparticle friction angle. According to Eq. (27) , in a coordinate system with x-and y-axis being coincident with s and v, respectively (see Fig. 3 ), the stress components <4> and <airj> are 
which means that the normal components of contact forces do not induce shear stress while the tangential components of contact forces have no effect on either the normal stress on a given plane or the spherical component of the stress tensor. The deviatoric stress invariant tT of <4>, which represents the contribution of tangential contact forces to the stress tensor, is then (42) According to Eq. (30), the deviatoric stress invariant of (43) Referring to Fig. 4 , for biaxial stress conditions, the non-coaxiality angle between the stress and fabric tensors is (5+7r /2 with 6 being the angle between the bedding plane and the direction of the major principal stress -ai. If one further defines the Mohr-Coulomb friction angle 
As illustrated in Fig. 4 , for biaxial stress conditions, the angle between the major principal direction of fabric and the sliding direction is (48) with a being the angle between the macroscopic failure plane and the direction of the major principal stress Equation (47) may also be written as (49) which is consistent with the experimental results of Haruyama and Kitamura (1984) and Miura et al. (1986) . Equations (49) and (47) clearly show that the apparent friction angle co is sensitive to the orientations of the bedding plane and the failure plane, as one may expect.
Critical Plane Approach
In this section, we intend to show an alternative approach, i.e., the critical plane approach, to establish the failure criterion of anisotropic granular materials. Let us consider the plane a-a shown in Fig. 3 and assume that the orientation of the greatest density of the contact normals makes an angle 00 with this plane. Given the average tangential and normal traction components, Tv and a respectively, on plane a-a 
Special Cases
When neglecting <T y>, which is the shear stress induced by fabric and the normal component of contact force, and <o-yT>, the normal stress induced by fabric and the tangential component of contact force, Eq. (50) reduces to (55) This relation is the same as the directional distribution function assumed by Pietruszczak and Mroz (2001) . In other words, Pietruszczak and Mroz's model may be regarded as a special case of the proposed critical plane approach when one assumes that the normal and tangential interparticle contact forces have no contributions to the tangential and normal tractions on the failure plane via particle arrangements, i.e., <TxNy> = <o-yTy> = 0. If only <z y> is taken into account and the normal traction on a failure plane is assumed to be independent of fabric, Eq. (50) simplifies to the failure condition proposed by Nemat-Nasser (2000) (57) with tT = (45,V2)1/2. Nemat-Nasser suggests that failure occurs on planes for which Eq. (57) attain its maximum value when (60) with mo = sin coo. As a result, one may argue that Eq. (59) is a special case of the proposed stress invariant approach that only takes into account the contribution of fabric on nents of contact forces. Furthermore, the effect of fabric on <o->, the stress partition due to tangential components of contact forces, is neglected.
NUMERICAL EXAMPLES
This section presents numerical examples to illustrate the application of the failure criteria discussed in the previous sections. The discussion here focuses primarily on the dependency of the friction angle at failure on the orientation of bedding plane and the degree of anisotropy.
Only granular soils under drained biaxial compression test conditions (see Fig. 4 
